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Abstract
We investigate the Universe evolution at late-time stages in models of teleparallel
gravity with power-law nonminimal coupling and a decreasing power-law potential of the
scalar field φ. New asymptotic solutions are found analytically for these models in vacuum
and with a perfect fluid. Applying numerical integration, we show that the cosmological
evolution leads to these solutions for some region of the initial conditions, and these
asymptotic regimes are stable with respect to homogeneous variations of the initial data.
The physical sense of the results is discussed.
1 Introduction
Final stages of cosmological evolution are studied widely both in General Relativity
(GR) as in its modifications. It is interesting and urgent especially due to the need for an
explanation of observational data [1, 2, 3, 4, 5] (see also the review [6]) indicating the late-time
accelerated expansion of the Universe. Realistic models should describe observations and be free
of shortcomings. There are such problems as “fine-tuning” of initial conditions for realization
of the late-time cosmic acceleration in models of ΛCDM [7] and quintessence [8] based on
GR, future singularities like a Big Rip, “sudden” and others (see, e.g., [9, 10]). Cosmological
evolution leads to a Big Rip in some models of modified gravity [11, 12, 13, 14, 15].
There is an alternative formulation of GR, teleparallel gravity (Teleparallel Equivalent of
General Relativity, TEGR [16]). It is based, firstly, on Einstein’s idea of absolute parallelism
[17, 18], that is on using of a field of orthonormal bases — tetrads — for tangent space-times
and, secondly, TEGR applies the Weitzenbo¨ck connection [19] instead Levi-Civita one, which
leads to zero curvature and nonzero torsion. The TEGR Lagrangian contains the torsion scalar
T , and equations of motion of this theory coincide exactly with those of GR [20, 21, 22, 23].
However, modifications of teleparallel gravity (for example, f(T ) theory [24, 25, 26, 27], and
scalar-torsion gravity [28, 29, 30, 31, 32, 33, 34, 35, 36, 37]) are not equivalents of similar
modifications of GR, their difference consists in a term with the divergence of torsion in the
Lagrangian (see [38]). It gives rise to different field equations and consequently to a new
cosmological dynamics. Therefore, it is of interest to investigate modifications of teleparallel
gravity. Scenarios with the late-time cosmic acceleration were already found, for example, in
teleparallel gravity with nonminimal coupling of the form ξTφ2 [28, 29, 30, 31, 32].
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In our recent papers [39, 40], stable asymptotic solutions (attractors of the corresponding
dynamical systems) were obtained in models of teleparallel gravity with a nonminimal coupling
of the form ξTφN for N = 2 and a potential of the scalar field V (φ) = V0φ
n. Those methods of
dynamical system theory did not allow us to investigate cases of N > 2, ξ > 0 and n < 0. In
the present work we shall find the final stages of the Universe evolution in such models which
are not studied earlier. Units ~ = c = 1 will be used.
The structure of this paper is as following. In Section 2 we briefly present foundations of
teleparallel gravity and write the basic equations for the considered models of scalar-torsion
gravity. In Section 3 the analytic and numerical results are described. They are discussed in
Section 4.
2 Basic equations
Let us shortly present the foundations of teleperallel gravity and write the main equations
for its modification with a nonminimally coupled scalar field.
In teleparallel gravity, the dynamical variables are four linearly independent vectors, the
tetrad eA(x
µ) = eµA∂µ, where Greek indices are space-time ones, capital Latin indices are
tangent space-time those. A tetrad forms an orthonormal basis in the tangent space at each
point of space-time. Then the metric tensor is
gµν = ηABe
A
µ e
B
ν , (1)
where ηAB = diag(1,−1,−1,−1) is the Minkowski metric tensor, ηAB = eA · eB. The determi-
nant consisting of tetrad components eAµ is e = det(e
A
µ ) =
√−g.
In teleparallel gravity, the Wetzenbo¨ck connection is used:
w
Γ
λ
µν ≡ eλA∂µeAν , (2)
which leads to the curvature scalar
w
R = 0, while the torsion tensor and the torsion scalar are
T λµν ≡
w
Γ
λ
νµ −
w
Γ
λ
µν = e
λ
A(∂µe
A
ν − ∂νeAµ ), (3)
T ≡ 1
4
T ρµνTρµν +
1
2
T ρµνTνµρ − T ρρµT νµν . (4)
We note that actually the torsion scalar is a linear combination of three scalars:
T = aT ρµνTρµν + bT
ρµνTνµρ + cT
ρ
ρµT
νµ
ν .
Constant coefficients a, b, c are chosen so that the field equations of teleparallel gravity are
equivalent to those of GR (see [41]).
The TEGR action has the form
S =
1
16piG
∫
T e d4x.
If we add to it the nonminimally coupled scalar field with a potential and also matter, the
action is
S =
1
2
∫ [
T
(
1
K
+ ξB(φ)
)
+ ∂µφ∂
µφ− 2V (φ)
]
e d4x+ Sm, (5)
where ξ is the coupling constant, B(φ) is the nonminimal coupled function, V (φ) is the poten-
tial of the scalar field φ, Sm is the matter action, and K = 8piG.
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A spatially flat Friedmann-Lemaˆıtre-Robertson-Walker metric will be used:
ds2 = dt2 − a2(t)δijdxidxj, (6)
where i, j = 1, 2, 3 are the spatial indices, t the cosmic time, xi the comoving spatial coordi-
nates, and a(t) the scale factor.
The gravitational and scalar field equations are derived by varying the action (5) with
respect to the tetrad eAµ = diag(1, a(t), a(t), a(t)), which corresponds to the chosen metric (6),
and with respect to the scalar field:
3H2 = K
(
φ˙2
2
+ V (φ)− 3ξH2B(φ) + ρ
)
, (7)
2H˙ = −K
(
φ˙2 + 2ξHφ˙B′(φ) + 2ξH˙B(φ) + ρ(1 + w)
)
, (8)
φ¨+ 3Hφ˙+ 3ξH2B′(φ) + V ′(φ) = 0. (9)
Here H(t) ≡ a˙
a
is the Hubble parameter, ρ the energy density of matter, p the pressure of
matter, p = wρ the matter equation of state, w ∈ [−1; 1] is a constant, a dot denotes a time
derivative, and a prime is a derivative with respect to the scalar field. The torsion scalar is
T = −6H2 in the tetrad chosen.
It should be noted that generalizations of teleparallel gravity are not invariant under local
Lorentz transformations (see, e.g., [42]), therefore the choice of a tetrad influences the form of
the field equations. It was already shown for f(T ) theory of gravity in [43] that the flat FLRW
tetrad in Cartesian coordinates has advantages. Therefore, we can expect that this tetrad will
also be preferable in scalar-torsion gravity.
Equations (7), (8) can be rewritten as
3H2 = K(ρφ + ρ), (10)
2H˙ = −K(pφ + ρφ + p+ ρ), (11)
where
ρφ =
φ˙2
2
+ V (φ)− 3ξH2B(φ), (12)
pφ =
φ˙2
2
− V (φ) + 2ξHφ˙B′(φ) + ξ(2H˙ + 3H2)B(φ), (13)
In this work we consider cosmological models with B(φ) = φN , N > 2 even; V (φ) = V0φ
n,
n < 0 even; ξ > 0. The parameters N , n, w are dimensionless.
3 Asymptotic solutions and numerical analysis of their
stability
3.1 The Vacuum Case
Several asymptotic power-law regimes (such that φ→∞) have been found in cosmological
models of telleparallel gravity with nonminimal coupling ξTφN for N = 2 and the potential of
the form V (φ) = V0φ
n in our previous papers [39, 40]. As the asymptotic power-law behavior
of the Hubble parameter H(t) and the scalar field φ(t) is quite typical in such models, we could
expect the emergence of similar solutions in the case N > 2 as well. Cosmological models
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with N > 2 have not been studied in [39, 40] using expansion-normalized variables since the
corresponding dynamic system has a zero denominator for N 6= 2, φ→∞.
We want to check whether or not there is asymptotic regime of a power-law form of H(t)
and φ(t) in the models under study. Let us substitute the solution H(t) = H0(t− t0)α,
φ(t) = φ0(t− t0)αβ, ρ = 0, where α, β, H0, φ0, t0 are constants, to the system
(7)-(9), where B(φ) = φN , V (φ) = V0φ
n.
3H0
2(t− t0)2α = K
[
α2β2
2
φ0
2(t− t0)2αβ−2 + V0φ0n(t− t0)nαβ−
−3ξH02(t− t0)2αφ0N(t− t0)Nαβ
]
,
(14)
2αH0(t− t0)α−1 = −K
[
α2β2φ0
2(t− t0)2αβ−2 + 2ξNH0(t− t0)ααβφ0N(t− t0)Nαβ−1+
+2ξαH0(t− t0)α−1φ0N(t− t0)Nαβ
]
,
(15)
αβ(αβ − 1)φ0(t− t0)αβ−2 + 3H0(t− t0)ααβφ0(t− t0)αβ−1+
+3ξNH0
2(t− t0)2αφ0N−1(t− t0)(N−1)αβ + nV0φ0n−1(t− t0)(n−1)αβ = 0.
(16)
We will consider two cases: (i) where the scalar potential is neglected and (ii) where the po-
tential significantly affects the cosmological evolution.
i) If α < 0, β < 0, N > 2, nαβ < 2αβ − 2 and
2αβ − 2 = Nαβ + 2α ⇔ αβ = 2(1 + α)
2−N > 0 ⇒ α < −1, (17)
then 2αβ − 2 < Nαβ + α− 1, and neglecting smaller terms for t→ +∞, we obtain
0 = K
[
α2β2
2
φ0
2(t− t0)2αβ−2 − 3ξH02φ0N(t− t0)Nαβ+2α
]
, (18)
0 = −K
[
2ξNH0αβφ0
N(t− t0)Nαβ+α−1 + 2ξαH0φ0N(t− t0)Nαβ+α−1
]
, (19)
αβ(αβ − 1)φ0(t− t0)αβ−2 + 3ξNH02φ0N−1(t− t0)(N−1)αβ+2α = 0. (20)
We obtain from (18), (19), (20) using (17):
β = − 1
N
, α = − 2N
N + 2
, αβ =
2
N + 2
, (21)
H0
2 =
2
3ξ(N + 2)2
φ0
2−N . (22)
Recalling the initial assumption nαβ < 2αβ − 2, we get
n < −N. (23)
ii) If α < 0, β < 0, N > 2 and nαβ = 2αβ − 2, 2αβ − 2 = Nαβ + 2α, then
α =
n−N
2− n < −1, β =
2
n−N . (24)
Hence the system (14)-(16) in the limit t→ +∞ reduces to
0 = K
[
α2β2
2
φ0
2(t− t0)2αβ−2 + V0φ0n(t− t0)nαβ − 3ξH02φ0N(t− t0)Nαβ+2α
]
, (25)
4
0 = −K
[
2ξNH0αβφ0
N(t− t0)Nαβ+α−1 + 2ξαH0φ0N(t− t0)Nαβ+α−1
]
, (26)
αβ(αβ − 1)φ0(t− t0)αβ−2 + 3ξNH02φ0N−1(t− t0)(N−1)αβ+2α+
+nV0φ0
n−1(t− t0)(n−1)αβ = 0.
(27)
For
n = −N (28)
we have
β = − 1
N
, α = − 2N
N + 2
, αβ =
2
N + 2
, (29)
and
H0
2 =
2
3ξ(N + 2)2
φ0
2−N +
V0
3ξφ0
2N
. (30)
Therefore, summarizing the results of (i), (ii) and neglecting t0 in the limit t → +∞,
we conclude that the following asymptotic solution
H(t) = H0t
− 2N
N+2 , a(t) = a0e
H0
N+2
2−N t
2−N
N+2
, φ(t) = φ0t
2
N+2 (31)
exists for N > 2, n 6 −N , t→ +∞.
We note that the Hubble parameter decreases and tends to zero at the asymptotic solution
(31). The scale factor a(t) increases slowly and approaches the constant a0 in the limit t→ +∞.
The set of first-order differential equations (32) is obtained from the initial equations (7)-(9)
for ρ = 0 and is integrated numerically:
H˙ = −K(Φ
2+2ξHΦB′(φ))
2(1+KξB(φ))
,
φ˙ = Φ,
Φ˙ = −3HΦ− 3ξH2B′(φ)− V ′(φ),
a˙ = aH,
(32)
where the equality, following from (7) for ρ = 0,
H2 = [Φ2 + 2V (φ)]/[6(1 +KξB(φ))]
is checked at each step of numerical integration.
We construct the following auxiliary quantities:
D(t) =
d(ln (φ))
d(ln (t))
=
tφ˙
φ
, E(t) =
d(ln (φ˙))
d(ln (t))
=
tφ¨
φ˙
, F (t) =
d(ln (H))
d(ln (t))
=
tH˙
H
, (33)
which are useful in the graphic representation since they approach constants if φ(t), φ˙(t), H(t)
exhibit nearly a power-law behavior. Fig. 1 demonstrates the functions D(t), E(t), F (t)
obtained by numerical integration for fixed parameters N 6 −n. We see that D(t) → 2
N+2
,
E(t)→ − N
N+2
, F (t)→ − 2N
N+2
in the asymptotic regime (31), t→ +∞. Therefore, the power
indices (29) coincide with those found by numerical calculations.
Moreover, the late-time tendency of auxiliary functions (33) to the constants 2
N+2
, N
N+2
,
2N
N+2
is obtained numerically for a set of points of the plane (φ(0), φ˙(0)) and for various values
of the parameters N , n, ξ. Consequently, the obtained vacuum asymptotic solution is stable
under homogeneous variations of the initial data.
Dependences a(t), H(t), φ(t) are plotted in Figs. 2-4 for the same initial data and
parameters as in Fig. 1.
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Fig. 1. Evolution of the quantities D(t), E(t), F (t) for the initial data: φ(0) = 2,
φ˙(0) = 0.4, a(0) = 1. The parameters chosen: N = −n = 6 for the left plot and N = 8,
n = −10 for the right one. Other parameters: ξ = 1, V0 = 1, K = 1. Black squares are
the initial values D(0), E(0), F (0).
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Fig. 2. Evolution of a(t) for the initial data φ(0) = 2, φ˙(0) = 0.4, a(0) = 1. Parameters:
N = −n = 6 for the left graph and N = 8, n = −10 for the right one. Other parameters:
ξ = 1, V0 = 1, K = 1. Black squares are initial values a(0).
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Fig. 3. Plots of H(t) are plotted for the initial data φ(0) = 2, φ˙(0) = 0.4, a(0) = 1.
The starting value of the Hubble parameter H(0) is calculated using the quadratic constraint
equation (7), we chose the positive root H(0) > 0. Parameters: N = −n = 6 for the left
graph and N = 8, n = −10 for the right one. Other parameters: ξ = 1, V0 = 1, K = 1.
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Fig. 4. Evolution of φ(t) for the initial data φ(0) = 2, φ˙(0) = 0.4, a(0) = 1. Parameters:
N = −n = 6 for the left plot and N = 8, n = −10 for the right one. Other parameters:
ξ = 1, V0 = 1, K = 1.
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3.2 Models with Matter
If matter is added (ρ 6= 0) to the model, then the power-law solution (31) does not exist in
the limit t→ +∞. In this case, the matter term dominates compared with other terms in the
equations of motion (7)-(8). Namely, it follows from the continuity equation
ρ˙+ 3H(1 + w)ρ = 0 that
ρ(t) = ρ0e
−3(1+w)H0
α+1
tα+1 → ρ0, (34)
while
φ˙2
2
= α
2β2
2
φ0
2t2αβ−2 → 0,
−3ξH2φN = −3ξH02φ0N tNαβ+2α → 0,
V (φ) = V0φ0
ntnαβ → 0
(35)
for α < −1, β < 0, αβ < 1 N > 2, n 6 −N , t→ +∞.
However, if the cosmological evolution begins from a very small value of ρ(0), then the
quasistatic phase with a ≈ const can be realized during some time interval. (This is the
so-called “loitering universe”, such a scenario in GR was described, for example, in [44]. A
“loitering universe” is a transient stage of evolution with a very slow growth of the scale factor.)
The quasistatic stage ends when the energy density of matter ρ(t) begins to prevail over other
terms in (7)-(8).
Actually, the cosmological evolution in our models is more difficult to study for small ρ(0).
Using numerical integration of our set of equations,
H˙ = −K[Φ
2+2ξHΦB′(φ)+(1+w)(3H2(1/K+ξB(φ))−Φ2/2−V (φ))]
2(1+KξB(φ))
,
φ˙ = Φ,
Φ˙ = −3HΦ− 3ξH2B′(φ)− V ′(φ),
a˙ = aH,
(36)
where ρ = 3H2(1/K + ξB(φ)) − Φ2/2 − V (φ) was substituted, we show that the scale factor
behaves like the step function at early times for ρ(0) . 10−3, and we have at least two temporary
quasistatic stages (see Fig. 5). It is worth emphasizing that the existence of more then one
phases with a ≈ const is not obvious from the analytical form of the equations of motion,
and they have been found only by numerical methods. Such a behavior of the scale factor is
provided by scalar field oscillations.
Now we check the existence of the asymptotic power-law regime in which
a(t) = a0(t− t0)A,
(
H(t) = A(t− t0)−1
)
, φ(t) = φ0(t− t0)AL, ρ(t) = ρ0(t− t0)−3(1+w)A,
where A, L, a0, φ0, ρ0, t0 are constants. Substituting it to the initial system (7)-(9)
for B(φ) = φN , V (φ) = V0φ
n, we get
3A2(t− t0)−2 = K
[
A2L2
2
φ0
2(t− t0)2AL−2 + V0φ0n(t− t0)nAL−
−3ξA2(t− t0)−2φ0N(t− t0)NAL + ρ0(t− t0)−3(1+w)A
]
,
(37)
−2A(t− t0)−2 = −K
[
A2L2φ0
2(t− t0)2AL−2 + 2ξNA(t− t0)−1ALφ0N(t− t0)NAL−1−
−2ξA(t− t0)−2φ0N(t− t0)NAL + (1 + w)ρ0(t− t0)−3(1+w)A
]
,
(38)
AL(AL− 1)φ0(t− t0)AL−2 + 3A(t− t0)−1ALφ0(t− t0)AL−1+
+3ξNA2(t− t0)−2φ0N−1(t− t0)(N−1)AL + nV0φ0n−1(t− t0)(n−1)AL = 0. (39)
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Fig. 5. Evolution of a(t), φ(t) for the initial data: φ(0) = 2, φ˙(0) = 0.4, H(0) = 0.02226,
a(0) = 1. Parameters: N = 6, n = −6, ξ = 1, V0 = 1, w = 0, K = 1. Black squares
are the initial values a(0), φ(0).
If A > 0, L > 0, N > 2, n < 0, and nAL = NAL− 2, NAL− 2 = −3(1 +w)A, then
A =
2n
3(1 + w)(n−N) , L = −
3(1 + w)
n
. (40)
Keeping only dominant terms in the limit t→ +∞, from Eqs. (37)-(39) it follows
0 = K
[
V0φ0
n(t− t0)nAL − 3ξA2φ0N(t− t0)NAL−2 + ρ0(t− t0)−3(1+w)A
]
, (41)
0 = −K
[
2ξNA2Lφ0
N(t− t0)NAL−2 − 2ξAφ0N(t− t0)NAL−2+
+ρ0(1 + w)(t− t0)−3(1+w)A
]
,
(42)
3ξNA2φ0
N−1(t− t0)(N−1)AL−2 + nV0φ0n−1(t− t0)(n−1)AL = 0 (43)
and we find
ρ0 =
4nξφ0
N (N+n)
3(N−n)2(1+w)2 > 0 ⇒ n < −N,
V0 = − 4nξNφ0N−n3(N−n)2(1+w)2 .
(44)
We obtain the asymptotic solution, neglecting t0 for t→ +∞:
a(t) = a0t
2n
3(1+w)(n−N) , φ(t) = φ0t
2
N−n , ρ(t) = ρ0t
2n
N−n , (45)
which exists for N > 2, n < −N , t→ +∞.
The scale factor and the scalar field increase in the asymptotic solution (45), while the
Hubble parameter and the energy density of matter decrease to zero as t→ +∞.
Taking into account (10), (11), we obtain from Eqs. (41) and (42) the functions
ρφ(t) = −ρ(t), pφ(t) = −p(t) and therefore wφ = pφρφ = w =
p
ρ
. This is the property of a
scaling solution. An analogous regime has been found earlier for N = 2 in [40]. (The scaling
solution in models with the scalar field and matter is a solution in which the equation-of-state
parameter of a scalar field equals is the same as for matter, see, e.g., [7], p. 140, [45]).
Auxiliary functions are introduced in the same way as in the previous subsection:
M(t) =
d(ln (a))
d(ln (t))
= tH, D(t) =
d(ln (φ))
d(ln (t))
=
tφ˙
φ
, R(t) =
d(ln (ρ))
d(ln (t))
= −3(1 + w)tH. (46)
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These quantities have the simple form of a constant in corresponding plots when the cosmo-
logical evolution passes through the power-law stage. The time dependences of these functions
are plotted in Fig. 6 (left). These functions approach the power indices M(t)→ 2n
3(1+w)(n−N) ,
D(t)→ 2
N−n , R(t)→ 2nN−n in the asymptotic regime (45), t→ +∞.
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Fig. 6. Evolution of the quantities M(t), D(t), R(t) in the left graph and of the scale
factor a(t) in the right one for the initial data φ(0) = 0.4, φ˙(0) = 2, H(0) = 20, a(0) = 1.
Parameters: N = 4, n = −6, ξ = 4, V0 = 1, w = 0, K = 1. Black squares mark the
initial values M(0), D(0), R(0).
Numerical integration has been carried out for the set points of space (φ(0), φ˙(0), H(0)) and
for various parameters N , n, ξ. We have found that the quantities M(t), D(t), R(t) tend to
constants 2n
3(1+w)(n−N) ,
2
N−n ,
2n
N−n , respectively. Therefore, the power-law solution (45) is stable
with under homogeneous variations of initial data.
The behavior of the scale factor, the scalar field and the energy density of matter are shown
in Fig. 6 (right), Fig. 7, where the initial conditions and parameters are the same as in Fig. 6.
10
−2
10
0
10
2
10
0
10
1
t
φ
10
−2
10
0
10
2
10
−4
10
−2
10
0
10
2
t
ρ
Fig. 7. Evolution of φ(t), ρ(t) for the initial data φ(0) = 0.4, φ˙(0) = 2,
H(0) = 20, a(0) = 1. The starting value of the energy density ρ(0) of matter is calculated
using the constraint equation (7). Parameters: N = 4, n = −6, ξ = 4, V0 = 1, w = 0,
K = 1.
Finally, we note that asymptotic power-law solutions have not been revealed neither numer-
ically nor analytically in the matter case for N = −n. This case needs a further analysis.
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4 Conclusion
In the present paper the evolution of the late Universe has been studied in models of
teleparallel gravity with nonminimal coupling ξTφN , N > 2, ξ > 0 , the field potential
V (φ) = V0φ
n, n < 0 and a perfect fluid with the equation of state p = wρ. We find analytically
new asymptotic solutions in the vacuum case and in the presence of a perfect fluid for t→ +∞.
The vacuum asymptotic regime H(t) = H0t
− 2N
N+2 → 0 (a(t)→ const), φ(t) = φ0t 2N+2 →
∞ exists only for N > 2, n 6 −N . The found asymptotic solution exists when the term with
the nonminimal coupling, the kinetic energy of the scalar field for n < −N and the potential
for n = −N dominate. We note that the deceleration parameter q ≡ − a¨
aH2
corresponding to
the obtained solution is
q = −1 + 2N
H0(N + 2)
t
N−2
N+2 → +∞, t→ +∞.
Therefore, the Universe expands with deceleration at late times and approaches a static state.
We have shown numerically (see Fig. 1-4) that our vacuum solution is stable with respect to
homogeneous variations of the initial data. Therefore, Einstein’s plan to receive a stable static
Universe in GR is realized in the model of teleparallel gravity with a nonminimally coupled
scalar field. This result is rather surprising since not so many stable stationary cosmological
models are known.
Any perfect fluid (ρ 6= 0) destroys the vacuum asymptotic solution for t → +∞ since
in this case the energy density of matter prevails over other components of the field equations.
However, if the cosmological evolution starts from a small ρ, then it passes though several
transient quasistatic stages with a ≈ const similarly to a “loitering universe” in GR.
In models with matter, other stable asymptotic regime exists for N > 2, n < −N :
a(t) = a0t
2n
3(1+w)(n−N) → +∞, φ(t) = φ0t 2N−n →∞, ρ(t) = ρ0t 2nN−n → 0, t→ +∞.
The corresponding deceleration parameter is
q = −1 + 3(1 + w)(n−N)
2n
> −1.
Therefore, an accelerated expansion is possible for w 6 −2
3
. The nonminimal coupled term,
the potential energy and the matter energy density dominate at this asymptotic solution. It is
a scaling one as wφ = w. Such a behavior of the scalar field can be suitable for a description of
radiation- and matter-dominated stages of the Universe.
Numerical integration confirms the existence of the scaling solution for t → +∞, which is
stable with respect to homogeneous variations of the initial data. Plots in Fig. 6, 7 (for fixed
N and n) show that the functions a(t), φ(t) and ρ(t) approach a power-law behavior and the
corresponding powers coincide with those found analytically.
We write down a possible final of the cosmological evolution in our models with N > 2,
n < 0:
1. ρ = 0.
(i) −N < n < 0 — stable de Sitter solution (see [39], [40]) H = H0, φ = φ0, q = −1,
(ii) n 6 −N — stable asymptotic solution: H(t) = H0t− 2NN+2 , φ = φ0t 2N+2 ,
q = −1 + 2N
H0(N+2)
t
N−2
N+2 → +∞, t→ +∞.
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2. ρ 6= 0.
(i) −N < n < 0 — stable de Sitter solution (see [40]) H = H0, φ = φ0, q = −1,
(ii) n < −N — stable asymptotic solution: a(t) = a0t
2n
3(1+w)(n−N) , φ = φ0t
2
N−n , ρ = ρ0t
2n
N−n ,
q = −1 + 3(1+w)(n−N)
2n
= const > −1, t→ +∞.
Therefore, we see that strongly decreasing potentials (n 6 −N) lead to a late-time behavior
of cosmological quantities different from the one at the acceleration stage of the real Universe.
However, models with a decreasing potential and a perfect fluid might be interesting due to
the existence of a scaling solution, which can be used for constructing realistic cosmological
models.
Acknowledgements
The author is grateful to Alexey Toporensky for useful discussions. This work was supported
by RSF Grant №16-12-10401.
References
[1] S. Perlmutter et al., “Measurements of w and Λ from 42 high-redshift Supernovae,” As-
troph. J. 517, 565 (1999).
[2] A. G. Riess et al., “Observational evidence from Supernovae for an accelerating Universe
and a Cosmological Constant,” Astron. J. 116, 1009 (1998).
[3] E. Komatsu et al., “Seven-year Wilkinson Microwave Anisotropy Probe (WMAP) obser-
vations: cosmological interpretation,” Astroph. J. Suppl. Ser. 192, 18 (2011).
[4] G. Hinshaw et al., “Nine-Year Wilkinson Microwave Anisotropy Probe (WMAP) observa-
tions: cosmological parameter results,” Astroph. J. Suppl. Ser. 208, 19 (2013).
[5] S. Cole et al. (The 2dFGRS Collaboration), “The 2dF Galaxy Redshift Survey: Power-
spectrum analysis of the final dataset and cosmological implications,” Mon. Not. R. Astron.
Soc. 362, 505 (2005).
[6] D. H. Weinberg, M. J. Mortonson, D. J. Eisenstein, C. Hirata, A. G. Riess, and E. Rozo,
“Observational probes of cosmic acceleration,” Phys. Rep. 530, 87 (2013).
[7] L. Amendola and S. Tsujikawa, Dark energy: Theory and Observations (Cambridge Uni-
versity Press, Cambridge, 2010).
[8] S. Matarrese, C. Baccigalupi, and F. Perrotta, “Approaching Lambda without fine-tuning,”
Phys. Rev. D 70, 061301 (2004).
[9] E. J. Copeland, M. Sami, and S. Tsujikawa, “Dynamics of dark energy,” Int. J. Mod. Phys.
D 15, 1753 (2006).
12
[10] K. Bamba, S. Capozziello, S. Nojiri, and S. D. Odintsov, “Dark energy cosmology: the
equivalent description via different theoretical models and cosmography tests,” Astroph.
Space Sci. 342 (2012).
[11] S. Carloni, K. S. Dunsby, S. Capozziello, and A. Troisi, “Cosmological dynamics of Rn
gravity,” Class. Quantum Grav. 22, 4839 (2005).
[12] L. Amendola, R. Gannouji, D. Polarski, and S. Tsujikawa, “Conditions for the cosmological
viability of f(R) dark energy models,” Phys. Rev. D. 75, 083504 (2007).
[13] S. Carloni, A. Troisi, and P. K. S. Dunsby, “Some remarks on the dynamical system
approach to fourth order gravity,” Gen. Rel. Grav. 41, 1757 (2009).
[14] S. Nojiri and S. D. Odontsov, “Unified cosmic history in modified gravity: from F (R)
theory to Lorentz non-invariant models,” Phys. Rept. 505 (2011).
[15] M. Skugoreva, A. Toporensky, and P. Tretyakov, “Cosmological dynamics in sixth-order
gravity,” Grav. Cosmol. 17, 110 (2011).
[16] R. Aldrovandi and J. G. Pereira, Teleparallel Gravity: An Introduction (Springer, Dor-
drecht, 2013).
[17] A. Einstein, “Riemann-Geometrie mit Aufrechterhaltung des Begriffes des Fernparallelis-
mus,” Sitz. Preuss. Akad. Wiss. 217-221, (1928).
[18] A. Einstein, “Neue Mo¨glichkeit fu¨r eine einheitliche Feldtheorie von Gravitation und Elek-
trizita¨t,” Sitz. Preuss. Akad. Wiss. 224-227, (1928).
[19] Weitzenbo¨ck R., Invarianten Theorie (Nordhoff, Groningen, 1923).
[20] C. Mo¨ller, “Conservation laws and absolute parallelism in general relativity,” Mat. Fys.
Skr. Dan. Vid. Selsk. 1, 10 (1961).
[21] C. Pellegrini and J. Plebanski, “Tetrad fields and gravitational fields,” Mat. Fys. Skr. Dan.
Vid. Selsk. 2, 4 (1963).
[22] K. Hayashi and T. Shirafuji, “New general relativity,” Phys. Rev. D 19, 3524 (1979).
[23] J. W. Maluf, “The teleparallel equivalent of general relativity,” Annalen Phys. 525, 339
(2013).
[24] R. Ferraro and F. Fiorini, “Modified teleparallel gravity: Inflation without inflaton,” Phys.
Rev. D 75, 084031 (2007).
[25] G. R. Bengochea and R. Ferraro, “Dark torsion as the cosmic speed-up,” Phys. Rev. D,
79, 124019, (2009).
[26] E. V. Linder, “Einstein’s other gravity and the acceleration of the Universe,” Phys. Rev.
D 81, 127301 (2010).
[27] Y.-F. Cai, S. Capoziello, M. De Laurentis, and E. N. Saridakis, “f(T ) teleparallel gravity
and cosmology,” Rept. Prog. Phys. 79, №4, 106901 (2016).
[28] C.-Q. Geng, C.-C. Lee, E. N. Saridakis, and Y.-P. Wu, “’Teleparallel’ Dark Energy,” Phys.
Lett. B 704, 384 (2011).
13
[29] C.-Q. Geng, C.-C. Lee, and E. N. Saridakis, “Observational constraints on teleparallel
dark energy,” JCAP 01, 002 (2012).
[30] C. Xu, E. N. Saridakis, and G. Leon, “Phase-Space analysis of teleparallel dark energy,”
JCAP 07, 005 (2012).
[31] H. Wei, “Dynamics of Teleparallel Dark Energy,” Phys. Lett. B 712, 430 (2012).
[32] G. Otalora, “Scaling attractors in interacting teleparallel dark energy,” JCAP 07, 044
(2013).
[33] C.-Q. Geng, J.-A. Gu, and C.-C. Lee, “Singularity problem in teleparallel dark energy
models”, Phys. Rev. D 88, 024030 (2013).
[34] J.-A. Gu, C. -C. Lee, and C.-Q. Geng, “Teleparallel dark energy with purely non-minimal
coupling to gravity,” Phys. Lett. B 718, 722 (2013).
[35] H. M. Sadjadi, “Notes on teleparallel cosmology with nonminimally coupled scalar field,”
Phys. Rev. D 87, №6, 064028 (2013).
[36] Y. Kucukakca, “Scalar tensor teleparallel dark gravity via Noether symmetry,” Eur. Phys.
J. C 73, 2327 (2013).
[37] H. M. Sadjadi, “Onset of acceleration in a Universe initially filled by dark and baryonic
matters in nonminimally coupled teleparallel model,” Phys. Rev. D 92, 123538 (2015).
[38] S. Bahamonde and M. Wright, “Teleparallel quintessence with a nonminimal coupling to
a boundary term,” Phys. Rev. D 92, 084034 (2015).
[39] M. A. Skugoreva, E. N. Saridakis, and A. V. Toporensky, “Dynamical features of scalar-
torsion theories,” Phys. Rev. D 91, 044023 (2015).
[40] M. A. Skugoreva and A. V. Toporensky, “Asymptotic cosmological regimes in scalar-torsion
gravity with a perfect fluid,” Eur. Phys. J. C 76, 340 (2016).
[41] A. Einstein, “U¨ber den gegenwartigen Stand der Feld-Theorie,” Festschrift zum 70. Geburt-
stag von Prof. Dr. A. Stodola (Zu¨rich: Orell Fu¨ssli Verlag, 1929), p. 126.
[42] T. P. Sotiriou, L. Baojiu, and J. D. Barrow, “Generalizations of teleparallel gravity and
local Lorentz symmetry,” Phys. Rev. D 83, 104030 (2011).
[43] M. Krsˇsˇa´k and E. N. Saridakis, “The covariant formulation of f(T ) gravity,” Class. Quan-
tum Grav. 33, 115009 (2016).
[44] V. Sahni, H. Feldman, and A. Stebbins, “Loitering universe,” Astroph. J. 385, 1 (1992).
[45] E. J. Copeland, A. R. Liddle, and D. Wands, “Exponential potentials and cosmological
scaling solutions,” Phys. Rev. D 57, 4686 (1998).
14
